Analyses of high-frequency transmission and scattering at junctions of waveguide segments having different cross-sectional area must account for the generation, reflection, and transmission of higher order modes. The usual analysis relies on modal orthogonality properties, which are awkward to implement if a junction does not have a regular geometrical configuration. The present work provides an alternative collocation approach, in which continuity and boundary conditions at transitions and terminations are enforced at a set of discrete points distributed over cross sections. The formulation is developed for a prototypical system, but the path to a generalized methodology is made evident in the course of the development. The first phase applies the orthogonality formalism. That analysis provides insight as to how the collocation equations should be assembled for solution. It also exposes several ambiguities regarding the general treatment of discontinuites, all of which are shown to be addressed directly by the collocation analysis of the same system. The prototypical system consists of two uniform width two-dimensional segments terminated by a rigid wall with a pressure-release opening at one end, and a small piston embedded in a rigid wall at the other end.
INTRODUCTION
Generation of higher order modes at discontinuities in a waveguide, which has also been referred to as scattering or diraction, apparently was rst examined by J. W. Miles 1 almost seventy years ago. Recent work by Homentcovschi and R. N. Miles 2>3 provide thorough surveys. The typical concern is a discontinuity that is a junction of waveguide segments whose cross section is constant. The eld within each segment is described in terms of a series of propagation modes, and continuity at the transitions is enforced by invoking in some manner orthogonality of the transverse portion of this modes. Exceptions to this overall concept may be found in the aforementioned works of Homentcovschi and R. N. Miles, which essentially develop an inner expansion that captures diraction eects, then ts it to outer expansions represented by the modal series.
In any event an overall theme is that all of the analyses either are restricted to low frequencies or specialized geometries, and none seem well suited to implementation as an automated algorithm for waveguide networks. The approach developed herein does not rely in any respect on modal orthogonality. The author conceived of it in the course of contemplating the analysis of a vastly dierent question: how does a discontinuous surface impedance aect scattering from a cylinder? It was shown by Ginsberg 4 that much improved results, especially regarding diraction eects in the vicinity of the discontinuity, are obtained by enforcing boundary conditions locally at numerous discrete points, rather than globally in a Galerkin-type analysis. The latter is analogous to invocation of orthogonality within a discontinuous waveguide. The collocation methodology has been tested for a uniform width two-dimensional waveguide with a discontinuous boundary condition at one end 5 . The convergence and computational requirements of the collocation method were found to be essentially the same as those of an analysis based on modal orthogonality.
The following developments use a specic system to develop the collocation approach, but it is formulated in a manner that makes evident how the approach may be generalized. The rst phase of the work develops the orthogonality approach. It is needed to identify how the collocation equations should be assembled for solution. In the course of the development, sets of transmission and re ection coe!cients are identied that give the amplitudes of the backward propagating modes in a segment and of the forward propagating modes in the adjacent segment in terms of the forward propagating modal amplitudes in the rst segment. No assumptions are made as to the modal mix, either in terms of distribution of amplitudes or the frequency of the response. The length at which modal series are truncated is arbitrary, subject to convergence criteria, and allowance is made for inclusion of modes that are cuto.
THE SYSTEM MODEL
The two-dimensional system that is the subject of this investigation appears in Figure 1 , which shows two waveguide segments having dierent width. The excitation is provided by a piston whose size is less than the width of the rst waveguide. The piston executes a prescribed axial velocity Re
At the right end a portion of the cross section is open and the remainder is rigid. The side walls are taken to be rigid. Position within each segment is measured relative to a local coordinate system { q | q } q > whose origin FIGURE 1. A two-dimensional waveguide consisting of two parallel unaligned segments. Excitation is provided by a vibrating piston, and the termination is a rigid wall with an opening.
is at the left end of the segment, so the junction is { 1 = O 1 and { 2 = 0= The segment to which a pressure or particle velocity pertains is denoted by a superscript arabic numeral, whereas a superscripted Roman numeral will be used to indicate the junction with which a re ection or transmission coe!cient matrix is associated.
The pressure at the junction must be continuous over the region where the cross sections overlap, which means that S
In addition, the axial component of particle velocity in each segment must be continuous on the overlapping region, and it must be zero on the interval k 1 ? | 2 ? k 2 of the second segment where the cross section terminates. Because the same uid lls both segments, Euler's equation leads to
The boundary conditions at both ends are discontinuous, at the left end because the piston does not cover the entire cross section and at the right because the nature of the termination changes. These conditions are
CS
(1)
Regardless of what analytical method is selected, a description of S (1) and S (2) as series of propagation modes is fundamental. The qth mode in segment m consists of a pair of waves that propagate in opposite senses of the { axis, with wavenumber q (| m ) = It is convenenient to consider the forward waves, that is, the waves that propagate in the positive { direction, to originate at { m = 0> and the backward waves to originate at { m = O m = Thus, the propagation mode series description of the pressure within each segment is taken to be
where
q are the respective amplitudes of the forward and backward waves. The transverse mode functions may be found for any waveguide whose cross section and wall impedance do not vary in the axial (propagation) direction. Such a determination entails solving the Helmholtz equation subject to Dirichlet, Neumann, or Robin-type boundary conditions at the perimeter of the cross section. In the present case of the two-dimensional hard-walled waveguide these functions are
An axial wavenumber is dened by the frequency and the associated transverse wavenumber. If the latter is greater than the cuto value, the mode is evanescent. For a nite length waveguide the denition of the branch cut for the square root in the evaluation of (m) q is irrelevant. The choice used here is
For the cuto modes, this denition of a branch cut leads to each wave being represented as decaying with increasing distance from the end at which it originates. The associated
q correspondingly are the amplitudes of evanescent waves at their origination, which is anticipated to have a benecial eect regarding ill-conditioning.
The transverse mode functions satisfy an orthogonality property that is an inner product over the crosssection. That inner product in the case where the functions are the same is used to dene the coe!cients E (m) q , which leads to normalized functions. The results are
The numbers Q 1 and Q 2 indicate the mode number at which the series will be truncated. A reasonable criterion is that they be selected such that the smallest transverse wavenumber within each segment be nearly equal. This condition will be attained if Q 2 = Q 1 int(k 2 @k 1 ) = Then Q 1 must be su!ciently large to attain convergence, which could require inclusion of a large number of cuto modes.
The modal series takes care of satisfying the boundary conditions at the side walls. These series are made to satisfy the continuity conditions at junction II, where { 1 = O 1 and { 2 = 0, as well as the conditions at boundaries I and III. The analysis is carried out rst by using the orthogonality properties of the transverse mode functions. Insights gained from that analysis guide the way the equations in the collocation analysis should be assembled for solution.
ORTHOGONALITY ANALYSIS
Because the cross-sections of the segments do not fully overlap, the modal amplitudes cannot be matched directly at the junction. Rather, the concept is to use modal orthogonality to make the error in the boundary condition be outside the space spanned by the transverse modes. Pressure continuity, Eq. (1), applies over the cross section of the waveguide segment 1, so the condition to be satised is
In contrast, the particle velocity condition at the junction, Eq. (2), is partially a continuity requirement over the overlapping portion of the cross section and partially a rigidity condition over the remainder of cross section of segment 2. Thus, the orthogonality property applied to the velocity conditions is with respect to the transverse modes of segment 2. This leads to
Note that the integral on the left side of this equation actually extends to | 2 = k 2 = That contribution vanishes because the termination of segment 2 has been taken to be rigid over that portion of the cross-section. The modal series for both segments, Eq. (4), are substituted into the preceding continuity equations leads. Evaluation of the resulting integrals is expedited by modal orthogonality, as well as the fact that the coordinate systems have been dened such that | 2 = | 1 = The result is two sets of linear equations for the wave amplitudes, h J
i ©
i n The elements of the coe!cient matrices are
Equations (10) constitute (Q 1 + 1)+(Q 2 + 1) algebraic equations. The modal amplitudes consist of twice that number, so the equations may be assembled for solution in any number of ways. The approach followed here is readily generalized to situations where multiple waveguide segments are connected. Conceptually, it is closely related to Pierce's treatment of multilayer transmission 6 . Specically, the idea is to work backward through the junctions starting with the terminating end, { 2 = O 2 = That end is selected because Eqs. (3) must be satised by only the (2) q and (2) q coe!cients, so the resulting equations make it possible to elininate one set of wave amplitudes.
The discontinuous nature of that boundary condition at { 2 = O 2 requires special treatment because the only applicable orthogonality condition is that of the (2) q functions. Suppose that (2) q and (2) q were assigned arbitrary values. Then substitution of the modal series for S (2) into the boundary condition at { 2 = O 2 would result in the pressure being some function of | 2 for 0 ? | 2 ? e> and the axial gradient being another function of | 2 for e ? | 2 ? k 2 = Both functions should be zero, so a composite error function % (| 2 ) may be dened in a dimensionally consistent manner as
There is no nite set of wave amplitudes that will make % be zero everywhere, but there is a set that will make the error be orthogonal to the functional space spanned by the truncated modal series. Thus, it is required that
q g|
When the modal representation of S (2) is substituted into this condition, the result may be written as h H (2) i n
i n
Both coe!cient matrices are square and full rank, so it follows that n (2) ª by bringing all terms containing those variables to the left side of Eq. (10) and © (1) ª is moved to the right side. Inversion of the resulting system of equations gives n
In essence, £ U ¤ consists of transmission coe!cients for that junction. The transmission coe!cients are zero at { 2 = O 2 because it is the termination.
The last step in the analysis is satisfaction of the boundary condition at { 1 = 0= Toward that end the axial velocity there, which is Y z on the piston face and zero above it, is expanded in a series of the transverse mode functions of segment 1,
Orthogonality of the transverse mode functions gives
With this, the boundary condition becomes
The orthogonality property reduces this to h H (1) i © (1) ª h H (2) i n
The re ection coe!cient matrix £ U 
With © (1) ª now known, the other wave amplitudes may be found from Eq. (17), followed by Eq. (16).
COLLOCATION ANALYSIS
The formulation that has been completed is straightforward, but it exposes some fundamental questions. First is the denition of the boundary condition error function % (| 2 ) = What if the factor multiplying CS (2) @C{ were dierent? More profoundly, application of the orthogonality property to the boundary and continuity conditions will reduce the error when the series length increases, but it gives no assurance that the error at any location for a specic series length will be acceptable. Another question arises when one contemplates generalizing the approach. Suppose that neither cross section at a junction fully overlaps the other. In Figure 1 this would be the case if the lower wall of segment 1 was below the lower wall of segment 2. Then velocity conditions on both cross section could not be enforced by applying the orthogonality argument for only one cross section. Finally, observe that formulation of the junction equations entailed integration over the overlapping region of the cross section. This would be a cumbersome operation if the segments have dierent cross sectional shapes, or do not align concurrently. All of these concerns are met by an analysis that enforces boundary and continuity conditions point-wise.
Let \ q denote a set of point that sample the range 0 | k 2 = Let M 2 be the total number of samples and let M 1 be the number of points in the interval 0 | k 1 covering the cross section of segment 1. The collocation approach entails using the modal series to formulate the continuity and boundary conditions, then evaluating those equations only at the collocation points. At the junction of segments 1 and 2 the pressure and axial particle velocities must be equal over the rst M 1 points, and the axial velocity in segment 2 must be zero on the non-overlapping portion of the second cross-section. These conditions are
Substitution of the modal series, Eq. (4), and its { derivative into the above junction conditions leads to algebraic equations for the wave amplitudes. The coe!cients in those equations are the series coe!cients evaluated at the collocation points. The specic expressions are hJ
where the various coe!cients are ³J
The rst of Eq. (25) is a set of M 1 equations, and the second is a set of M 2 equations. Each is similar in form to its counterpart in Eq. (10). This suggests that a minimal number of points is M 1 = Q 1 + 1 and M 2 = Q 2 + 1= In other words the number of collocation points within each waveguide segment should not be less than the number of terms in the respective modal series. However, improved results with collocation analysis are obtained when an overdetermined set of equations is formulated.
The boundary condition at { 2 = O 2 also is satised point-wise. Substitution of the modal series for S (2) into Eq. (3) leads to hH (2) i n (2) o + hH (2) i n
where hH (2) i and hH (2) e i are M 2 × (Q 2 + 1) matrices whose elements are
Each set of equations is overdetermined if the boundary conditions are oversampled. Such equations may be solved by the method of least squares 7 , which leads to the concept of a (left) pseudoinverse. An important aspect is that all matrices are complex, so the Hermitian [ ] H replaces the transpose [ ] T in the evaluation of the pseudoinverse. The use of a pseudoinverse rather than a true inverse is the only essential dierence between the remainder of the analysis and the corresponding steps for the orthogonality analysis. The boundary condition equations, Eq. (27), give n
This relation and the junction equations are used to solve for the other wave amplitudes in terms of © 
where the sizes are
i hJ (2) i + hJ (2) i hŨ
# hK (2) i hK (2) i hŨ 
Application of the pseudoinverse operations leads to n
where 5
The last step is satisfaction of the boundary condition at the end where the waveguide is excited. The axial velocity at the collocation points is arranged in nỸ z o whose elements are
Matching the modal description of particle velocity at the collocation points to
i n (1) o hH (1) i n
The re ection coe!cients
o from the preceding. Least-squares solution of the resulting velocity equations yields
This completes the analysis because the other wave amplitudes may be found with the aid of the re ection and transmission coe!cient matrices for the junction, Eq. (32), followed by the re ection coe!cient at the termination, Eq. (29).
CLOSURE
The collocation formulation seeks a solution that best ts the boundary conditions at specic points, rather than in the average sense associated with an analysis that relies on orthogonality of the transverse mode functions. All of its coe!cient matrices are obtained by direct evaluation of modal series at collocation points, so it is not reliant on specic geometrical features. The algorithm that was derived obtains modal re ection and transmission matrices by working backward from the closed end. Both features suggest direct generalizations of the method. An important aspect is that it is unambiguous, in that there is no doubt how to enforce boundary conditions that depend on location, or how to describe congurations where neither cross section completely overlaps the other.
The use of overdetermined equations in the collocation formulation has the eect of limiting the error that can accumulate between the collocation points. An important aspect is computational eort. At any step in the procedure the number of unknowns to be determined is the total number of modes for the segments arriving at the junction or boundary. The number of equations at a junction is the sum of the number of collocation points on either side of the junction or boundary. However, the pseudoinverse operation is such that the size of the matrices that must be inverted is the number of variables. Because inversion is the most expensive operation in the formulation, the collocation analysis and the orthogonality analysis may be expected to have similar e!ciencies. However, this expectation assumes that the number of collocation points is not enormously greater than the number of modes. The author's preliminary evaluation 7 suggests that the number of collocation points should be two to three times greater than the largest number of modes used for any segment.
Space and time limitations prohibit testing the algorithmic approach in the present venue. Such evaluations are required to identify denitive criteria for selecting the placement and number of collocation points, as well as the number of modes to retain. However, the directness of the collocation method suggests that
